0. Introduction 0.1. This paper is a continuation of our paper [EF1] . Let us recall its framework.
According to [DG] , the Q-linear category T := MT(Z) Q of mixed Tate motives over Z is a Tannakian category, equipped with "Betti" and "de Rham" fiber functors ω B , ω DR : T → Vec Q .
This gives rise to a Q-scheme Isom k, ω DR ⊗ k), and to Q-group schemes Aut ⊗ T (ω B ) (resp. Aut ⊗ T (ω DR )), taking k to Aut ⊗ T (ω B ⊗ k) (resp. Aut ⊗ T (ω DR ⊗ k)). The triple formed by this set and these two groups is a bitorsor, meaning that the set is equipped with commuting left and right, free and transitive actions of the groups, and the assignement of the triple to k is then a bitorsor Q-scheme.
The study of the monodromy of a collection of differential systems on the moduli spaces of curves of genus 0 leads to the bitorsor Q-scheme of associators, taking k to the triple (GT(k), GRT(k), M (k)) ( [Dr] ). According to [An] , there is a bitorsor Q-scheme morphism (Aut In [EF1] , it is observed that (G dmr,DR (−), DMR(−)) is a subtorsor of the torsor (G DR 0.5. The strategy employed in order to upgrade (G dmr,DR (−), DMR(−)) into a bitorsor is to first upgrade both (G DR (−), G DR (−)) and its subtorsors (G DR,≥3 (k), G DR quad (k)) and (Stab(∆ ⋆ ), Iso(∆ ⋆ ,∆ ♯ )) into bitorsors, and then to form the intersection of these bitorsors. More precisely:
(a) the torsor (G DR (k), G DR (k)) is part of a bitorsor with right-acting group denoted G B (k), whose construction relies on the prounipotent completion of the free group in two generators
(b) analogously to the construction of G dmr,DR (k) in [R] using the free associative algebra over two generators, we construct a subset G dmr,B (k) of G B (k) using the linear algebra of the completion of the group ring kF 2 with respect to powers of the completion ideal (see Definition 1.14);
(c) the subtorsor (G DR,≥3 (k), G DR quad (k)) of (G DR (k), G DR (k)) is part of a subbitorsor with right-acting group denoted G B quad (k); (d) its other subtorsor (Stab(∆ ⋆ ), Iso(∆ ⋆ ,∆ ♯ )) is part of a subbitorsor with right-acting group Stab(∆ ♯ ).
As announced, the upgrading of (G dmr,DR (k), DMR(k)) to a bitorsor is then achieved by taking the intersection of these subbitorsors, whose right-acting group is G B quad (k) ∩ Stab(∆ ♯ ) (Theorem 1.19). The upgrading of the torsor morphism (0.1.1) to a bitorsor morphism is obtained simultaneously. The equality of G dmr,B (k) with this right-acting group is obtained in Theorem 1.25.
0.6. Whereas the group scheme GRT(−) is defined in terms of the Lie algebra f 2 over two generators, the basic ingedient of the definition of the group scheme GT(−) is the prounipotent completion of the free group F 2 in two generators. This enables one to define variants of this group scheme, which are discrete, pro-p (p: a prime) or profinite groups, by suitably replacing the completion of F 2 . The group schemes G dmr,DR (−) and G dmr,B (−) are similarly based on f 2 and F 2 , so that one may similarly define variants of the group scheme G dmr,B (−).
The discrete variant of G dmr,B (−) is a group G dmr,B , which we define and compute in §3.
The result of this computation (G dmr,B ≃ {±1}) is a consequence of the conjectural equality between the Lie algebras grt 1 and dmr 0 .
0.7. In §4, we construct the pro-p version G dmr,B p of the group scheme G dmr,B (−). We recall some basic results on pro-p completions ( §4.1) in order to give detailed proofs of statements on the pro-p analogue GT p of GT(−) ( §4.2), some of which are stated in [Dr] . Based on this material, we construct the group G dmr,B p and show that it fits in a suitable commutative diagram ( §4.3).
0.8. Acknowledgements. A part of the work was done during the visit of the authors at Simons Center. H.F. is supported by grant JSPS KAKENHI JP15KK0159.
Construction of a double shuffle bitorsor
In this section, we first recall the notions of torsor and bitorsor ( §1.1). We then introduce the setup leading to the construction of the bitorsor of associators ( §1.2). We complement this with the extra material leading to the double shuffle torsor ( §1.3). We then formulate the main result of the paper, namely the construction of the Q-group scheme G dmr,B (−) and of the double shuffle bitorsor ( §1.4). In §1.5, we explain the relation with a stabilizer bitorsor and in §1.6, with the bitorsor of associators. In §1.7, we study the Lie algebra of G dmr,B (−) and compare it with the Lie algebra of G dmr,DR (−), which is equal to the double shuffle Lie algebra dmr 0 ⋊ Q from [R] .
Throughout §1, k denotes a commutative associative Q-algebra.
Torsors and bitorsors.
A torsor is a triple (G, X, ⊲), where G is a group, X is a set, and ⊲ : G × X → X is a left action of G on X, which is free and transitive. A subtorsor is a pair
, where X ′ ⊂ X is a subset and G ′ ⊂ G is a subgroup such that ⊲ restricts to a free and
, which is again a subtorsor. A right torsor is a triple (H, X, ⊳), where H is a group, X is a set, and ⊳ : H × X → X is a right action of H on X, which is free and transitive. We define right subtorsors and their intersections as in the case of torsors.
The opposite of the torsor (G, X, ⊲) is the right torsor (G op , X op , ⊳), where G op is the opposite group of G, and X op is X equipped with the right action x ⊳ g := g ⊲ x.
A bitorsor is a 5-uple (G, H, X, ⊲, ⊳), where (G, X, ⊲) is a torsor, H is a group, (H, X, ⊳) is a right torsor, and the actions of G and H on X commute with one another. A morphism of bitorsors
is the data a set morphism X 1 → X 2 and of compatible group morphisms G 1 → G 2 and H 1 → H 2 .
The opposite bitorsor of the bitorsor (G,
, where the exponent op means the opposite group and the actions are given by h⊲x := x ⊳ h, x⊳g := g ⊲ x for g ∈ G,
x ∈ X, h ∈ H.
A subbitorsor of (G, H, X, ⊲, ⊳) is then a triple (
is a subtorsor of (G, X, ⊲) and (H ′ , X ′ ) is a right subtorsor of (H, X, ⊳). One defines the intersection of two
To a morphism of bitorsors, one associates its image, which is a subbitorsor of the target bitorsor. It is characterized by the condition that each of its components is the image of the corresponding component of the morphism.
Example 1.1. To a group G, one associates the bitorsor bitor(G) where H = X = G and ⊲, ⊳ are the left and right actions of G on itself. If H is a subgroup of G, and if a ∈ G, then a bitorsor morphism inj a : bitor(H) → bitor(G) is given by the condition that the map H → G corresponding to the first (resp. second, third) component of the 5-uple is the canonical inclusion h → h (resp. the conjugation h → aha −1 , the map h → ha −1 ). The assignment a → inj a (bitor(H)) sets up a map G/H → {subbitorsors of bitor(G)}.
Example 1.2. To a category C and a pair of objects X, Y such that Iso C (Y, X) = ∅, one associates the bitorsor bitor(C, X, Y ) such that G = Aut C (X), H = Aut C (Y ), and X = Iso C (Y, X).
An object Z and a pair of morphisms v : Z → X and w : Z → Y being given, one defines a subbitorsor of bitor(C, X, Y, v, w) of bitor(C, X, Y ) by the condition that the morphisms be compatible with v and w.
Assume given a bitorsor morphism ( by G 1 → G 2 and H 1 → H 2 . This is the preimage bitorsor of this morphism of bitorsors.
A k-module over a bitorsor (G, H, X, ⊲, ⊳) is the data of a pair of k-modules (V, W) and of
, such that the first two maps are group morphisms and
The collection of k-modules over a given bitorsor forms an abelian category. Remark 1.3. A k-module over a bitorsor G is the same as a bitorsor morphism G → bitor(k-
The category of k-modules over a bitorsor (G, H, X, ⊲, ⊳) is tensor with internal homomor-
where diag S : S → S 2 is the diagonal map associated with a set S, and their internal homomorphism object is
where
One checks that if Iso(w, v) is nonempty, then (Stab(v), Stab(w), Iso(w, v) ) is a subbitorsor of (G, H, X, ⊲, ⊳), which we will call the stabilizer bitorsor associated to (v, w).
Remark 1.4. This stabilizer bitorsor can be identified with the preimage by the bitorsor mor-
, where we identify v, w with k-module morphisms k → V, k → W.
1.2.
Bitorsors related to associators.
1.2.1. Semidirect products. Let (G, ⊛) be a group equipped with an action of k × , denoted
We denote by k × ⋉ G its semidirect product with k × ; this is the set k × × G, equipped with the product
1.2.2. Constructions based on Lie algebras. Let f 2 be the free Lie algebra over k over generators e 0 , e 1 . It is equipped with a grading given by deg(e i ) = 1 for i = 0, 1. Define U (f 2 ) to be its universal enveloping algebra andf 2 to be its degree completion. Then U (f 2 ) is a graded algebra, let U (f 2 ) ∧ be its degree completion. It is a topological Hopf algebra. Its group of group-like
, where exp is the exponential map of U (f 2 ) ∧ . We denote by · the product in the group exp(f 2 ) as well as in the algebra U (f 2 ) ∧ .
1.2.3. Constructions based on discrete groups. Let F 2 be the free group with generators X 0 , X 1 .
Denote by kF 2 its group algebra with coefficients in k. Denote by (kF 2 ) ∧ the completion of this algebra with respect to the topology of the powers of the augmentation ideal. Then (kF 2 ) ∧ is a topological Hopf algebra. The group F 2 (k) of k-points of the prounipotent completion of F 2 is defined to be the group of group-like elements of this topological Hopf algebra, so
. We denote by · the product in the group F 2 (k) as well as in the algebra
whereã g , a g are the continuous automorphisms of the group exp(f 2 ) given by
The group k × acts by automorphisms of the algebra U (f 2 ) ∧ by µ • e i := µe i for i = 0, 1,
whereã g , a g are the continuous automorphisms of the group F 2 (k) given by
The group k × acts by automorphisms of the algebra (kF 2 )
Define a right action of (F 2 (k), ⊛) on exp(f 2 ) as follows
is the group isomorphism induced by the algebra isomor-
Lemma 1.5. The formula
defines a right action of (G B (k), ⊛) on G DR (k), which commutes with the left action of (G
Proof. The group isomorphism iso 1 is equivariant with respect to the action of k × on exp(f 2 ) and on F 2 (k), therefore it induces a group isomorphism iso 1 :
which implies the statement. [Dr] , p. 848, GT(k) is as in [Dr] , p. 845 and (4.11), and GRT(k) is as in [Dr] , p. 851, is a subbitorsor of the opposite bitorsor of (G
Indeed, it is a subbitorsor of the bitorsor ((k-prounipotent completion of the free group with gen- 
follows: the isomorphism (k-prounipotent completion of the free group with generators X, Y ) ⋊
is given by (µ, ϕ(A, B)) → (µ, ϕ(e 0 , e 1 )).
1.3. The double shuffle torsor.
The family (y n ) n≥1 freely generates W DR l . It follows that there exists a unique algebra mor-
with a graded Hopf algebra structure. It extends to a topological algebra
which equipsŴ DR l with a topological Hopf algebra structure.
For a ∈ U (f 2 ) ∧ and w a word in e 0 , e 1 (possibly empty), we denote by (a|w) the coefficient of w in the expansion of a, so a = w word in e0,e1 (a|w)w. For g ∈ exp(f 2 ), set
to be the map given by
Theorem 1.7 ( §3.2.3 in [R] ).
(1) DMR 0 (k) is a subgroup of (exp(f 2 ), ⊛), and the functor
, which is free and transitive. In particular, (DMR 0 (k), DMR µ (k), ⊲) is a torsor.
1.3.4.
A torsor over a semidirect product group. It follows from the compatibilities of π Y , Θ and ∆ ⋆ with the action of the group k × that the action of this group on
This implies that the subgroup (DMR 0 (k), ⊛) of (exp(f 2 ), ⊛) is preserved by the action of k × .
is the underlying set of the group (G DR (k), ⊛), (1.3.5) may be viewed as a subset of this group.
Proposition 1.8 (Proposition 1.3 in [EF1] ). The action of the group (G DR (k), ⊛) on itself by left multiplication restricts to an action of the group (G dmr,DR (k), ⊛) on the set DMR(k), which we denote by ⊲. This action is free and transitive. In particular, (
1.4. The main result: construction of a double shuffle bitorsor.
and letŴ 
l . According to [EF1] , Proposition 2.3, there is a unique algebra morphism
Then ∆ ♯ equips W B l with a Hopf algebra structure. It extends to a topological algebra morphism
l with a topological Hopf algebra structure.
Remark 1.10. We will sometimes emphasize the dependence of
where the right-hand side is as in (1.3.2). Define
(where X a 0 := exp(alogX 0 )).
Lemma 1.11 (Proposition 6.2.6 in [Wei] ). Let G be the free group over generators g 1 , . . . , g n , let ZG be its group algebra with coefficients in Z and let (ZG) 0 be the augmentation ideal of this algebra. Then (ZG) 0 is freely generated, as a left ZG-module, by the family (g 1 − 1, . . . , g n − 1).
The proof in [Wei] relies on the following statement (not explicitly stated there)
which may be proved by counting arguments. Here is an alternative proof of this lemma.
Alternative proof of Lemma 1.11. There is a unique morphism of left ZG-modules
It follows from [Fox] , equation (2.3) (see also the argument in Proposition 6.2.6 from [Wei] )
that the map a is surjective.
The injectivity of a may then be established in two ways.
(First proof of injectivity of a.) In [Fox] , endomorphisms
) of the Z-module ZG are constructed. These endomorphisms are characterized by the following properties:
the counit map (augmentation). These properties imply the identities
. As a consequence, the Z-module map
is such that b•a = id. It follows that a is injective and therefore an isomorphism of ZG-modules.
(Second proof of injectivity of a.) Let Z x 1 , . . . , x n be the ring of formal series in noncom-
gives rise to an algebra morphism r : ZG → Z x 1 , . . . , x n , which is injective (see [Bbk] , Ch. 2, Sec. 5, no. 3, Thm. 1). The map r • a :
This map is injective, as is r ⊕n , which implies that r • a is injective, showing the injectivity of a.
Proof. By Lemma 1.11, we have a decomposition
By taking completions of the above equalities, we obtain the claim.
Let then
be the projection corresponding to the decomposition of Corollary 1.12. Then
(iso 1 (g)|e 0 ) = (iso 1 (g)|e 1 ) = 0, and µ 2 = 1 + 24c(g), where c(g) := (iso 1 (g)|e 0 e 1 ). Then
which means that the map (µ, g)
On the other hand, {(µ, c)|c
Its preimage by the above group morphism is therefore a subgroup of (G B lin (k), ⊛). The result now follows from the fact that this preimage coincides with G B quad (k). Definition 1.14. We denote by
is group-like for∆ ♯ and (iso 1 (g)|e 0 ) = (iso 1 (g)|e 1 ) = 0, µ 2 = 1 + 24(iso 1 (g)|e 0 e 1 ).
This theorem will be proved in §2.3 as a consequence of Theorem 1.25.
There is a unique group morphism (G dmr,B (k), ⊛) → k × , defined as the composed morphism
. This analogy will be made precise in the Lie algebra setting in §1.7.
Remark 1.18. It follows from Theorem 2 in [F1] that the (opposite of the) Grothendieck-
), such that g satisfies the pentagon equation (equation (4) in [F1] ). In Proposition 1.26, we will prove the inclusion GT(k)
1.4.4. Torsor structures.
Theorem 1.19.
(1) The right action of (G B (k), ⊛) on G DR (k) from Lemma 1.5 restricts to an action of (G dmr,B (k), ⊛) on DMR(k), which is free and transitive.
(2) For any µ ∈ k × , the latter action restricts to an action of (G
which is free and transitive.
(3) The following are bitorsors:
• G DR (k), equipped with the commuting left and right actions of (G DR (k), ⊛) and
• DMR(k), equipped with the commuting left and right actions of (G dmr,DR (k), ⊛)
• for any µ ∈ k × , DMR µ (k), equipped with the commuting left and right actions of
We then have a sequence of bitorsor inclusions
This theorem will be proved in §2.4.
Isomorphisms between groups. Theorem 1.19 implies that any element (µ, Φ) ∈ DMR(k)
gives rise to a group isomorphism
This group isomorphism is compatible with the morphisms of both sides to k × and therefore restricts to a group isomorphism (G
1.5. Relation with stabilizer bitorsors.
is a group. As above, k × acts on this group by scaling transformations. We set
and define a left action of (G
where iso 1 : (kF 2 ) ∧ → U (f 2 ) ∧ is the algebra isomorphism defined in §1.2.6.
Similarly to Lemma 1.5, one proves:
defines a right action of (G B (k), ⊛) onG DR (k), which commutes with the left action of (G
It is also compatible with the actions of k × on both sides. It therefore gives rise to a group morphism
The map Θ (see (1.4.1)) is compatible with the group structures denoted by ⊛ on both sides, and is compatible with the actions of k × , therefore it induces a group morphism
Lemma 1.21. The triple (Θ, Θ, Θ) is a bitorsor morphism
Proof. As Θ is a group morphism, it suffices to prove the identity
It follows from the already observed compatibility of the map Θ : exp(f 2 ) → (U (f 2 ) ∧ ) × with the actions of k × and from the equality
which is a consequence of a Θ(g) = Ad(
, and (g ⊳ g|e 0 ) = (g|e 0 ) + (iso 1 (g)|e 0 ).
there is a group morphism
where (µ, g) ∈ k × × exp(f 2 ) =G DR (k) and u runs in U (f 2 ) ∧ , and where a g is given by (1.2.3).
One checks that there is a group morphism
and f runs in (kF 2 ) ∧ , and where a g is as in (1.2.5).
Define a map
, together with the triple of maps (S, S, S),
Proof. One must prove that for (µ, g),
and for (µ
One has
where the first equality follows from (1.2.6), the second and the last equalities from the definition of S, and the third equality from the fact that S is a group morphism. This proves (1.5.1).
One checks that for (µ
(equality inG DR (k)) and that for (µ ′′ , g ′′ ) ∈G B (k), one has (1.5.4)
where the first equality follows from the definition of S, the second equality follows from (1.5.3), the third equality follows from the fact that S is a group morphism, the fourth equality follows from (1.5.4), and the last equality follows from the definition of S. This proves equality (1.5.2).
One checks that the pair 
(the maps S Y , S Y are as in [EF0] , §1.1). Recall that the category of k-modules over the
is equipped with operations of tensor product and internal homomorphisms. Out of the object (Ŵ DR l ,Ŵ B l ) of this category, one then constructs a new object, namely the internal homomorphism object from this object to its tensor square. This is the pair
equipped with the morphism
and the map
given by
. Pulling back the k-module (1.5.5)
(see Lemma 1.21), one views the pair (1.5.5) as a k-module over the bitorsor (
Recall the pair of elements (∆ ⋆ ,∆ ♯ ), wherê
The corresponding stabilizer subbitorsor of (G
is a subbitorsor of (G
is as in the proof of Lemma 1.13.
, which is compatible with the scaling actions of k × on both sides, therefore it induces
The triple of maps (p DR , p B , p DR ) then induces a bitorsor morphism from the trivial bitorsor constructed out of the group k × ⋉ (k 2 , +) (this is the bitorsor where G, H, X are all equal to the given group and ⊲, ⊳ are the left and right actions). Viewing k × as a subgroup of
by the injection λ → (λ, (0, 0)), one sees that the trivial bitorsor constructed out of k × is a subbitorsor of the trivial bitorsor constructed out of k × ⋉ (k 2 , +). The preimage of this bitorsor is
, which is therefore a subbitorsor of (G
Definef ≥3 2 as the subspace off 2 of elements with vanishing parts of degrees 1 and 2. Then (exp(f ≥3 2 ), ⊛) is a subgroup of (exp(f 2 ), ⊛), which is preserved by the action of k × . We then set
this is a subgroup of (G DR (k), ⊛).
In Lemma 1.13, we defined a subgroup (G
Define G DR quad (k) to be the set of pairs (µ, Φ) ∈ G DR (k), such that (Φ|e 0 ) = (Φ|e 1 ) = 0 and (Φ|e 0 e 1 ) = µ 2 /24.
Proof. According to the proof of Lemma 1.13, there is a group morphism
Definef ≥2 2 as the subspace off 2 of elements with vanishing part of degree 1. Then (exp(f ≥2 2 ), ⊛) is a subgroup of (exp(f 2 ), ⊛), stable under the action of k × , and the group (G
2 ) → k, g → (g|e 0 e 1 ) defines a group morphism (exp(f ≥2 2 ), ⊛) → (k, +), which is equivariant with respect to the actions of k × on both sides, the action of k × on (k, +) being given by λ • a := λ 2 a. One derives from there a group morphism
Since q DR is a group morphism, it is compatible with the left action of G 
Viewing the group k × ⋉ k as the set k × × k equipped with the product law (µ, a)(µ ′ , a
) is a subbitorsor of bitor(k × ⋉ k) (see Example 1.1). One checks that the preimage of this subbitorsor under the bitorsor morphism (1.5.7) is (
, and therefore also of
1.5.6. Relation of DMR(k) with a stabilizer bitorsor. According to the above results, the following triples are subbitorsors of the bitorsor (
is the intersection of the subbitorsors
This theorem will be proved in §2. More precisely, (1.5.8) is proved in [EF0] , (1.5.9) will be proved in §2.1, (1.5.10) will be proved in §2.2.
1.6. Relation with the associator bitorsor. We have a pair of bitorsor inclusions
where the left inclusion is based on [Dr] (see also Remark 1.6) and the right inclusion follows from Theorem 1.19.
It also follows from [F2] that the subtorsors (GRT(k)
which gives rise to a bitorsor inclusion of (GRT(k)
Proof. According to [Dr] , M 1 (k) = ∅ and according to [F2] , there is an inclusion M 1 (k) ⊂ DMR 1 (k). Let Φ ∈ DMR 1 (k). Then (1, Φ) ∈ DMR(k) gives rise to isomorphismsĩ (1,Φ) :
op , defined by the analogue of (1.4.3).
Then the diagram of groups is commutative
The second statement follows from the inclusion GT(k) op ⊂ G dmr,B (k).
Lie algebras. An affine Q-group scheme is a functor {commutative Q-algebras} → {groups}
which is representable by a commutative Hopf algebra. Such a functor G being fixed, the ker- In this section, we emphasize the dependence of the groups G X , G X 1 , where X is one of the symbols B, DR, (dmr, B), (dmr, DR), in the Q-algebra k by denoting them G X (k). The functors 
where D is the derivation off ⊂ g DR is then isomorphic to
∧ ) be the Lie algebra of primitive elements of the Hopf algebra (QF 2 ) ∧ . As the exponential map induces a bijection between this set and the set of group-like elements G((QF 2 ) ∧ ) = F 2 (Q) of this Hopf algebra, this Lie algebra is equal to logF 2 (Q) (where log :
∧ induces a Lie algebra isomorphism iso 1 : logF 2 (Q) →f 2 .
One then checks that the Lie algebra g B is equal to the product Q × logF 2 (Q), equipped with the bracket
where D is the derivation of logF 2 (Q) induced by logX i → logX i , i = 0, 1, and D ψ is the
The map id × iso 1 : Q × logF 2 (Q) → Q ×f 2 sets up a Lie algebra isomorphism g B → g DR , which restricts to a Lie algebra isomorphism g (resp. of g dmr,DR ).
Proposition 1.28. The Lie algebra g dmr,B is the Lie subalgebra of g B consisting of the pairs (a, ψ) such that (iso 1 (ψ)|e 0 ) = (iso 1 (ψ)|e 1 ) = 0, a = 12 · (iso 1 (ψ)|e 0 e 1 ) and
Proof. This Lie algebra is the kernel of the morphism
therefore consists of the set of pairs (1 + ǫa, 1 + ǫψ), where a ∈ Q, ψ ∈ logF 2 (Q) are such that the equalities (iso 1 (1 + ǫψ)|e 0 ) = (iso 1 (1 + ǫψ)|e 1 ) = 0, (1 + ǫa) 2 = 1 + 24(iso 1 (1 + ǫψ)|e 0 e 1 ) hold in Q[ǫ]/(ǫ 2 ) and such that the element 1 + ǫ · (element of (1.7.1)) is group-like for the coproduct
2 , which is the tensor product with Q[ǫ]/(ǫ 2 ) of the coproduct
By taking coefficients of ǫ in all conditions, one obtains the announced description of g dmr,B .
Filtrations on the Lie algebras g
Recall that a filtration on a Lie algebra g is a decreasing sequence We then set
It follows from the fact that , is homogeneous for the grading of f
Denote by g
One checks that this is a Lie algebra filtration (equal to the image of the filtration of g DR by
· · · the induced filtrations on g dmr,DR and g dmr,B .
Since the filtration g dmr,DR = Γ 0 g dmr,DR ⊃ · · · is induced by the grading of dmr 0 ⋊ Q, one has an isomorphism gr(g dmr,DR ) ≃ dmr 0 ⋊ Q.
The algebra (QF 2 ) ∧ is equipped with the filtration given by Γ i ((QF 2 ) ∧ ) := I i , where I ⊂ (QF 2 ) ∧ is the augmentation ideal. The associated graded algebra is isomorphic to U (f Q 2 ), the isomorphism being induced by the degree one identifications [X i − 1] → e i for i = 0, 1.
The filtration of (QF 2 ) ∧ induces the central series filtration on the Lie subalgebra logF 2 (Q) ⊂ (QF 2 ) ∧ . Composing the corresponding inclusion map with the above identification, one obtains a map gr(logF 2 (Q)) ⊂ gr(QF 2 ) ∧ ≃ U (f 2 ), which factors through a graded Lie algebra isomorphism gr(logF 2 (Q)) ≃ f 2 , which yields a graded Lie algebra isomorphism gr(g
Lemma 1.29. This isomorphism restricts to an injective morphism of graded Lie algebras
Proof. According to [EF1] , the algebraŴ B l admits a filtrationŴ
2 is compatible with this filtration, and the associated graded morphism identifies with
One checks that the maps π Y and corr :
n are compatible with the filtrations on both sides, and that the associated graded maps identify
Recall the following general statement.
If f : V → W is a morphism of filtered spaces, then there is an inclusion (1.7.2) gr(Kerf ) ⊂ Ker(grf ) of graded subspaces of grV.
Let us apply (1.7.2) in the following situation:
in which the map∆
, while
Ker(grf ) = dmr 0 . It follows that gr(g dmr,B 1
) ⊂ dmr 0 .
1.7.3. Filtered isomorphisms.
is an isomorphism, which coincides with the map from Lemma 1.29. In particular, this map is an isomorphism.
is strictly compatible with filtrations. It also restricts to an isomorphism g dmr,B → g dmr,DR .
Since the filtrations of these Lie algebras are induced by the filtrations of g B and g DR , the isomorphism i (1,Φ) : g dmr,B → g dmr,DR is strictly compatible with filtrations. It follows that the associated graded morphism is an isomorphism of Lie algebras.
2. Proofs of statements of §1 (Theorems 1.15, 1.19 and 1.25)
In this section, we first prove Theorem 1.25: (1.5.9) in §2.1 and (1.5.10) in §2.2. We then prove Theorem 1.15 ( §2.3), then Theorem 1.19 ( §2.4).
2.1. Proof of (1.5.9) (Theorem 1.25).
Lemma 2.1.
Proof. Let (G, H, X, ⊲, ⊳) be a bitorsor. For x ∈ X, there is a unique group isomorphism i x :
The lemma now follows from the application of this statement to the subbitorsor
Proof of (1.5.9) (Theorem 1.25). According to Lemma-Definition 1.11 and Theorem 3.1 from [EF1] , one has the inclusion (2.1.1)
Choose an element Φ ∈ DMR 1 (k). Then
Equality (2.1.2) implies the equality (2.1.3)
One has for (µ, g) ∈ G B (k)
.
where the first equality follows from (1.5.2) and the second equality follows from (1.4.3), there-
This implies that
⊗2 and
where the last equality follows from the definition of DMR(k). Since DMR(k) is a left torsor under the action of G dmr,DR (k) (see Proposition 1.8), one then has (2.1.6)
Equation (1.5.8) then implies the equality (2.1.7)
It follows that (2.1.8)
Then Lemma 2.1 implies that (2.1.9)
Combining (2.1.3), (2.1.4), (2.1.5), (2.1.6), (2.1.7), (2.1.8) and (2.1.9), one obtains the equality
}, which proves (1.5.9).
2.2. Proof of (1.5.10) (Theorem 1.25). We first record the following statement relative to
The following pairs are subtorsors of (G
24). The intersection of the two last bitorsors is the pair (Stab(∆
It follows from (1.5.8) (see [EF0] ) that the group of this torsor coincides with that of the above torsor (a). By (2.1.1), the set of this torsor contains the set of the torsor (a). The above statement about torsors then yields equality (1.5.10).
2.3. Proof of Theorem 1.15. By (1.5.9), G dmr,B (k) is the intersection of two subgroups of
. By (1.5.9) (see the proof in §2.1), one has the equality of groups
It follows that DMR(k) is a right torsor under G dmr,B (k).
Recall the group inclusions
The last of these groups contains the semigroup {±1} ⋉ F 2 .
Define a semigroup
op (see [Dr] , §4). Then GT ≃ {±1} (see [Dr] , Propostion 4.1).
Define similarly a semigroup
Proposition 3.1. There is an isomorphism G dmr,B ≃ {±1}.
Proof. One obviously has {±1} ⊂ G dmr,B . The opposite inclusion will be proved after Lemmas 3.2 to 3.9.
Proof. This follows from (1.4.1), together with the identities
follow from the definition of π Y .
Let ev :Ŵ
] be the algebra morphism defined as the composition
where the first map is the canonical inclusion, the second map is induced by the group morphism 
n → 0 and the coproducts are such that
n ′′ and ±1 → ±1 ⊗ ±1; all this implies that ev 0 is compatible with the coproducts.
Lemma 3.4. If g ∈ F 2 is such that π Y (Θ(g)) is group-like with respect to∆ ♯ , then there exists
is group-like with respect to ∆ ♯ .
Proof. According to Lemma 3.2 and to the assumption on g, we have
is group-like with respect to∆ ♯ .
Lemma 3.3 then implies that the element ev(Γ −1
] is group-like for the coproduct for which t is primitive. This element is Γ −1
There exists a unique collection n, (a i ) i∈ [1,n] , (b i ) i∈ [1,n] , α, β, where n ≥ 0, the a i , b i are nonzero integers, and α, β are integers, such that
It follows that Γ −1 g (−t) · e t(α+b1+···+bn) is primitive, and therefore that Γ −1 g (−t) is primitive, so that there exists λ ∈ Q such that Γ g (t) = e λt .
Plugging this equality in (3.0.1) and using the fact that e λ·logX1 ∈Ŵ We also set F n := ⊕ m≤n W m .
Proof. This follows that the equalities ∆ ♯ (X
for any a > 0 (see [EF1] , Lemma 2.5).
Lemma 3.6. There is an algebra morphism
commutes, where pr n : F n → W n is the projection on the highest degree component.
Proof. Immediate.
For a 1 , . . . , a n ∈ Z \ {0}, set
Lemma 3.7.
W n = ⊕ a1,...,an∈Z\{0} W(a 1 , . . . , a n )
Proof. This follows from the presentation of W
Lemma 3.8. For a 1 , . . . , a n ∈ Z \ {0}, one has
Proof. This follows from (3.0.2).
is group-like with respect to ∆ ♯ iff there exist
Proof. The group Z 2 acts on the set F 2 by (α, β)
Then the composition
is a bijection.
is group-like with respect to ∆ ♯ }. One checks that S is stable under the action of Z 2 . It follows that
We now compute (F 2 ) n ∩ S for n > 0.
Let g ∈ (F 2 ) n . Let a 1 , b 1 , . . . , a n , b n ∈ Z − {0} be such that
The summand corresponding to index i belongs to F i and 1 ∈ F 0 . It follows that π Y (g) ∈ F n and that
All this implies that
where for b ∈ Z \ {0}, we set ϕ b (t) :=
(3.0.6) and the fact that for b = 0,
Assume now that g ∈ (F 2 ) n ∩ S. Since π Y (g) is group-like with respect to ∆ ♯ , since π Y (g) ∈ F n and by diagram (3.0.3), one has
(equality in W ⊗2 n ). By Lemma 3.8, the left-hand side of (3.0.8) belongs to
while the right-hand side belongs to W(a 1 , . . . , a n ) ⊗ W(a 1 , . . . , a n ) ⊂ W ⊗2 n .
By the direct sum decomposition ,b1) ,...,(an,bn))∈((Z\{0}) 2 ) n W(a 1 , . . . , a n ) ⊗ W(b 1 , . . . , b n ) and since ((a 1 , a 1 ) , . . . , (a n , a n )) / ∈ S(a 1 ) × · · · × S(a n ) (as (a, a) / ∈ S(a) for any a = 0), both sides of (3.0.8) should be zero, which contradicts (3.0.7). All this implies that (F 2 ) n ∩ S = ∅ for n > 0. Together with (3.0.4) and (3.0.5), this implies Lemma 3.9.
Proof of Proposition 3.1. Let
By Lemmas 3.4 and 3.9, the condition that π Y (Θ(g)) is group-like with respect to∆ ♯ implies that for some α, β ∈ Z, one has g = X α 1 X β 0 . The conditions (iso 1 (g)|e 0 ) = (iso 1 (g)|e 1 ) = 0 then imply α = β = 0, therefore g = 1. This proves Proposition 3.1.
Remark 3.10. Using the proof of Proposition 3.1, one can prove the stronger result
Indeed, this proof implies that if (µ, g) belongs to this intersection, then g = 1. The condition µ 2 = 1 + 24(iso 1 (g)|e 0 e 1 ) then implies that µ = ±1.
Remark 3.11. Proposition 3.1 is consistent with the conjectural equality of Lie algebras grt 1 = dmr 0 . Indeed, this equality is equivalent to G dmr,DR (−) = GRT(−), which via the isomorphism
, which upon taking rational points and intersecting with {±1} × F 2 implies the equality G dmr,B = GT, which is Proposition 3.1.
Pro-p aspects
In this section, we first recall some material on the relation between the pro-p and prounipotent completions of discrete groups ( §4.1), p being a prime number. In §4.2, we recall the definition of the pro-p analogue GT p of the Grothendieck-Teichmüller group, and we use the results of §4.1 to prove a statement of [Dr] on the relations of GT p with GT(Q p ) (Corollary 4.14); we also make precise the relation between GT p and the semigroup GT p introduced in [Dr] (Proposition 4.15). We then define a group G dmr,B p (see Definition 4.16) and show that it fits in a commutative diagram, which makes it into a natural pro-p analogue of the group scheme G dmr,B (−) ( §4.3).
4.1. Pro-p and prounipotent completions of discrete groups.
4.1.1. A morphism Γ (p) → Γ(Q p ). If Γ is a group, we denote by Γ (p) its pro-p completion. If k is a Q-algebra, we denote by Γ(k) the group of k-points of its prounipotent completion. We also denote by Lie(Γ) the Lie algebra of this prounipotent completion.
Lemma 4.1 ( [HM] , Lemma A.7). Suppose that Γ is finitely generated discrete group, then there is a continuous homomorphism Γ (p) → Γ(Q p ) compatible with the morphisms from Γ to its source and target.
When Γ is the free group F n , this gives a continuous homomorphism F (p) n → F n (Q p ). Lemma 4.3. Let A(n) := Z p t 1 , . . . , t n be the algebra of associative formal power series in variables t 1 , . . . , t n with coefficients in Z p , equipped with the topology of convergence of coefficients. Then A(n) has a Hopf algebra structure with coproduct given by t i → t i ⊗1+1⊗t i +t i ⊗t i for i = 1, . . . , n. Let F n be the free group over generators X 1 , . . . , X n . There is an isomorphism
induced by X i → 1 + t i for i = 1, . . . , n.
Proof. This follows from Lemma 4.2 combined with the isomorphism Z p [[F (p) n ]] ≃ A(n), see [S] , §I.1.5. Proposition 7.
Lemma 4.4. The map F (p) n → F n (Q p ) is injective.
Proof. If k is a Q-algebra, there is an isomorphism (kF n ) ∧ ≃ k u 1 , . . . , u n , where each u i is primitive. Moreover, F n (k) = G((kF n ) ∧ ), therefore F n (k) = G(k u 1 , . . . , u n ).
The result now follows from the specialization of this result for k = Q p , from the topological Hopf algebra inclusion Z p t 1 , . . . , t n ⊂ Q p u 1 , . . . , u n given by t i → e ui − 1, and from Lemma 4.3.
4.1.3. Exact sequences of pro-p completions.
Lemma 4.5 ( [I] , see also [And] ). Let 1 → N → G → H → 1 be an exact sequence of discrete groups such that (i) (G, N ) = (N, N ), and (ii) N is a free group of finite rank greater that 1.
Then the induced sequence of pro-p completions 1 → N (p) → G (p) → H (p) → 1 is exact.
For n ≥ 3, let K n be the Artin pure braid group with n strands. It is presented by generators x ij , 1 ≤ i < j ≤ n and relations (a ijk , x ij ) = (a ijk , x ik ) = (a ijk , x jk ) = 1, i < j < k, a ijk = x ij x ik x jk , (x ij , x kl ) = (x il , x jk ) = 1, (x ik , x −1 ij x jl x ij ) if i < j < k < l.
For any i ∈ [[1, n]], the elements x i1 , . . . , x in of K n generate a subgroup isomorphic to F n−1 , and we have an exact sequence (4.1.1) 1 → F n−1 → K n → K n−1 → 1.
Lemma 4.6. If n ≥ 3, then the exact sequence (4.1.1) induces a short exact sequence of pro-p groups:
n−1 → 1.
Proof. Let P n+1 be the pure sphere group of the sphere with n + 1 marked points (cf. [EF1] ).
It is known that P n+1 is isomorphic to the quotient K n /Z(K n ) 2 , where Z(K n ) is the center of
In [I] , Proposition 2.3.1, it is shown that for any j ∈ [[1, n]] \ {i}, P n+1 is equal to the product x 1i , . . . ,x in · C(x ij ), where the projection map K n → P n+1 is denoted g →ḡ, and where C(x ij ) is the centralizer subgroup ofx ij .
Since Z(K n ) 2 is contained in C(x ij ), K n is equal to the product x 1i , . . . , x in · C(x ij ), where C(x ij ) is the centralizer subgroup of x ij .
Then any k ∈ K n can be expressed as f · c, where f ∈ x 1i , . . . , x in and c ∈ C(x ij ). Then (k, x ij ) = (f · c, x ij ) = (f, x ij ) ∈ (F n−1 , F n−1 ). As this holds for any j ∈ [[1, n]] \ {i}, one obtains (K n , F n−1 ) ⊂ (F n−1 , F n−1 ), therefore the equality of these subgroups of K n as the opposite inclusion is obvious.
One can therefore apply Lemma 4.5 to the exact sequence (4.1.1), which yields the result.
Exact sequences of prounipotent completions.
Lemma 4.7. Let k be a Q-algebra and let n ≥ 3. The exact sequence (4.1.1) induces a short exact sequence of groups:
Proof. According to [Dr] , any associator Φ ∈ M 1 (Q) and parenthesization P of a word with n identical letters gives rise to an isomorphism b P Φ : Lie(K n ) →t n , where t n is the graded Q-Lie algebra with degree one generators t ij , i = j ∈ [[1, n]] and relations t ji = t ij , [t ik + t jk , t ij ] = 0, and [t ij , t kl ] = 0 for i, j, k, l all distinct, and wheret n is its degree completion.
The morphisms of (4.1.1) induce Lie algebra morphisms Lie(F n−1 ) → Lie(K n ) and Lie(K n ) → Lie(K n−1 ). One has a commutative diagram
where P i is P with the i-th letter erased, and where the right vertical arrow is induced by the morphism t n → t n−1 , t ia → 0, t ab → t f It follows from this diagram that b
